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Abstract. For generators of Markov semigroups which lack a spectral gap, it is shown
how bounds on the density of states near zero lead to algebraic temporal decay rates.
These rates follow from a so-called “weak Poincare´ inequality” (WPI), originally intro-
duced by Liggett [Ann. Probab., 1991]. Applications to the heat semigroup and to the
semigroup generated by the fractional Laplacian are studied, where the optimal decay
rates are recovered. The classical Nash inequality appears as a special case of the WPI
for the heat semigroup.
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1. Introduction and statement of results
In this note we study how the well-known equivalence between spectral gaps, Poincare´
inequalities and exponential rates of decay to equilibrium extends to systems which lack a
spectral gap but have a bounded density of states near 0. Our main result relies solely on
our ability to “differentiate” the resolution of the identity of a given operator. It is thus
quite general, and covers important examples such as Markov semigroups.
Our setup is as follows: we letM be a manifold with Borel measure dµ, H = L2(M, dµ;R)
equipped with scalar product (·, ·)H. We assume that H : D(H) ⊂ H → H is a self-adjoint,
non-negative operator, so that −H is the infinitesimal generator of a Markov semigroup
(Pt)t≥0, whose invariant measure is dµ, i.e. for every u that is bounded and non-negative∫
M
Ptu dµ =
∫
M
u dµ for any t ≥ 0. Let {E(λ)}λ≥0 be the resolution of the identity of H
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and let the associated Dirichlet form be
E(u) :=
∫
M
(H1/2u)2 dµ.
As stated above, instead of assuming a spectral gap, we assume the opposite: H has
continuous spectrum in a neighborhood of 0 (and 0 itself is possibly an eigenvalue). We
show that an appropriate estimate of the density of the spectrum near 0 leads to a weaker
version of the Poincare´ inequality (also known as a weak Poincare´ inequality, defined below in
Definition 1.3). This, in turn, leads to an algebraic decay rate for the associated semigroup.
In this paper we employ the following definition for the variance of a given function u ∈ H:
Var(u) :=
∫
M
(u− E({0})u)2 dµ
where E({0}) is the projection onto the kernel of H . In the case where the kernel only
consists of constant functions and µ is a probability measure, this definition coincides with
the standard definition, see [3, §4.2.1]. We discuss the significance of the resolution of the
identity of H (and in particular the projection onto its kernel) and its relationship with
functional inequalities and decay rates below in Section 2.3.
We can now recall the classical Poincare´ inequality (again, see [3, §4.2.1]):
Definition 1.1 (Poincare´ Inequality). We say that H satisfies a Poincare´ inequality if
there exists C > 0 such that
Var(u) ≤ CE(u), ∀u ∈ D(E),
where C does not depend on u.
Remark 1.2. The topology of D(E) is the graph norm topology generated by ‖ ·‖2H+E(·),
see [3, §3.1.4].
The definition of a “weak Poincare´ inequality” is somewhat ambiguous. This is addressed
in further detail in Section 2.3 below. We adopt the following definition, motivated by
Liggett [9, Equation (2.3)]:
Definition 1.3 (Weak Poincare´ Inequality). Let Φ : H → [0,∞] satisfy Φ(u) <∞ on
a dense subset of D(E). Let p ∈ (1,∞). We say that H satisfies a (Φ, p)-weak Poincare´
inequality ((Φ, p)-WPI) if there exists C > 0 such that
Var(u) ≤ CE(u)1/pΦ(u)1/q, ∀u ∈ D(E), (1.1)
where C does not depend on u and where 1/p+ 1/q = 1.
Remark 1.4. Note that (1.1) is meaningful only on a dense subset ofD(E) where Φ < +∞.
1.1. The Hilbertian case. In this subsection we consider subspaces which respect the
Hilbert structure of H, such as Sobolev spaces or weighted spaces. Our basic assumption is:
Assumption A1. There exists a dense subspace X ⊂ H such that
(1) X ∩D(E) is dense in D(E) (in the topology of D(E)),
(2) for some constants r > 0, C1 > 0 and α > −1,
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the mapping λ 7→ ddλ(E(λ)u, v)H is continuous on (0, r) for every u, v ∈ X and satisfies∣∣∣∣ ddλ (E(λ)u, v)H
∣∣∣∣ ≤ C1λα‖u‖X‖v‖X , ∀u, v ∈ X , ∀λ ∈ (0, r). (1.2)
Remark 1.5. We refer to the bilinear form ddλ(E(λ)·, ·)H as the density of states (DoS)
of H at λ. Note that if the DoS satisfies a bound as in (1.2) and X has a norm compatible
with (and stronger than) the norm on H then it induces an operator X → X ∗ by the Riesz
representation theorem.
We can finally state our main results on how (1.2) leads to a (Φ, p)-WPI (Theorem
1.6) and, in turn, an explicit rate of decay (Theorem 1.7). Theorem 1.6 will be further
generalized below in Theorem 1.9. The decay rates presented in Theorem 1.7 apply to the
Markov semigroup generated by H .
Theorem 1.6. If Assumption A1 holds then H satisfies a (Φ, p)-weak Poincare´ inequality
with Φ(u) = ‖u‖2X (and Φ(u) = +∞ if u ∈ H \ X ) and p = 2+α1+α .
Theorem 1.7. Let Assumption A1 hold. Let u ∈ X and suppose that there exist C2 =
C2(u) ≥ 0 and β ∈ R, such that the Markov semigroup satisfies
‖Ptu‖2X ≤ ‖u‖2X + C2tβ , ∀t ≥ 0. (1.3)
Then
Var(Ptu) ≤
(
Var(u)
−1
1+α + C3
∫ t
0
(‖u‖2X + C2sβ)
−1
1+α ds
)−(1+α)
(1.4)
where C3 is given explicitly (and only depends on α, C1). In particular, Var(Ptu) satisfies
the following decay rates as t→∞:
Var(Ptu) ≤

O((log t)−(1+α)) β = 1 + α.
O(tβ−(1+α)) 0 < β < 1 + α.
O(t−(1+α)) C2 = 0 or β ≤ 0.
Remark 1.8. 1. The choice of space X is motivated by (1.3): it is beneficial to choose X
that is invariant under the Markov semigroup.
2. Clearly C2(u) is subject to quadratic scaling, for example it can be C‖u‖2H or C‖u‖2X ,
but the explicit form is not important.
1.2. A generalized theorem: departing from the Hilbert structure. Theorems 1.6
and 1.7 demonstrate how estimates on the density of states near 0 imply a weak Poincare´
inequality and a rate of decay to equilibrium. However it is not essential to restrict oneself
to a subspace X . In fact, it is often desirable to deal with functional spaces that are not
contained in H, as it may provide improved estimates and decay rates. In particular, this
makes sense when the operator in question is the generator of a Markov semigroup, and acts
on a range of spaces simultaneously. Hence we replace Assumption A1 by a more general
one:
4 JONATHAN BEN-ARTZI AND AMIT EINAV
Assumption A2. There exist Banach spaces X ,Y of functions on M , a constant r > 0
and a function ψX ,Y ∈ L1(0, r) that is strictly positive a.e. on (0, r), such that
(1) X ∩ Y ∩D(E) is dense in D(E) (in the topology of D(E)).
(2) The mapping λ 7→ ddλ(E(λ)u, v)H is continuous on (0, r) for every u ∈ X ∩ H and
v ∈ Y ∩H and satisfies∣∣∣∣ ddλ (E(λ)u, v)H
∣∣∣∣ ≤ ψX ,Y(λ)‖u‖X‖v‖Y , ∀λ ∈ (0, r). (1.5)
We can now state the following more general theorem:
Theorem 1.9. Let the conditions of Assumption A2 hold, and define ΨX ,Y(ρ) =
∫ ρ
0
ψX ,Y(λ) dλ,
ρ ∈ (0, r). Then:
a. There exists K0 ∈ (0, 1) such that the following functional inequality holds:
(1−K)Ψ−1X ,Y
(
K
Var(u)
‖u‖X‖u‖Y
)
Var(u) ≤ E(u), ∀K ∈ (0,K0), ∀u ∈ D(E) (1.6)
where ‖u‖X = +∞ if u /∈ X and similarly for Y.
b. If X = Y and ψ(λ) = C1λα, α > −1, the estimate (1.6) reduces to the (Φ, p)-WPI as
in Definition 1.3 with Φ(u) = ‖u‖2X and p = α+2α+1 .
c. If, in addition, X = Y ⊂ H then we obtain Theorem 1.6.
Remark 1.10. The inequality (1.6) can be viewed as an implicit form of the weak Poincare´
inequality. Note that setting K = 0 (which is excluded in the theorem) leads to the Poincare´
inequality.
The power of this result is demonstrated in the following corollary, where the celebrated
Nash inequality is obtained as a simple consequence. This simple derivation is discussed in
Remark 4.3 below.
Corollary 1.11. When H = −∆ : H2(Rd) ⊂ L2(Rd)→ L2(Rd) and Y = X = L1(Rd) the
inequality (1.6) is precisely Nash’s inequality [10]:
‖u‖2L2 ≤ C
(‖∇u‖2L2) dd+2 (‖u‖2L1) 2d+2 , ∀u ∈ L1(Rd) ∩H1(Rd), (1.7)
where C > 0 does not depend on u.
Proof. The proof of this simple corollary is provided in Remark 4.3 below. 
Remark 1.12. The requirement that ψX ,Y is strictly positive a.e. on (0, r), for some r > 0
(perhaps very small), is quite natural as we are interested in operators that lack a spectral
gap. However, one can easily generalize our result even if that is not the case by defining
Ψ−1X ,Y(y) = sup {x ∈ (0, r) | ΨX ,Y(x) ≤ y} .
Organization of the paper. Before proceeding to prove our theorems we first discuss both
the classical and the weak Poincare´ inequalities, and their connection to Markov semigroups
in Section 2. The proofs will follow in Section 3 and we then present various applications of
these theorems in Section 4, where we shall also prove Corollary 1.11. Finally, in Section 5
we provide some supporting results.
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2. Poincare´ inequalities
In this section we recall the famous Poincare´ inequality, its connection to Markov semi-
groups, and we discuss its “weak” variant, the so-called “weak Poincare´ inequality.”
2.1. The classical Poincare´ inequality. When M is a compact Riemannian manifold or
a bounded domain of Rd, the classical L2 Poincare´ inequality reads [3, §4.2.1]∫
M
∣∣∣∣ϕ(x) − ( 1|M |
∫
M
ϕ(y) dy
)∣∣∣∣2 dx ≤ CM ∫
M
|∇ϕ(x)|2 dx, (2.1)
where |M | is the volume of M , and CM > 0 is independent of u.
Motivation: the heat semigroup. Let us illustrate why the quantities appearing in this
inequality are natural. LetM ⊂ Rd be a bounded, connected and smooth domain. Consider
the heat semigroup, i.e. solutions of
∂tu(t, x) = ∆xu(t, x), x ∈M, t ∈ R+,
subject to Neumann boundary conditions with initial data u(0, x) = u0(x). The associated
invariant measure is dµ(x) = dx|M| . It is well-known that in this case the spectrum of ∆x is
discrete and non-positive. In particular, its kernel is separated from the rest of the spectrum.
This immediately implies that u(t, x) = Ptu0(x) converges to the projection onto the kernel,
given by
Pkeru0 :=
∫
M
u0(x) dµ(x).
Thus, we are interested in the decay rate as t→ +∞ of
V(Ptu0) := ‖Ptu0 − Pker (Ptu0) ‖2L2(dµ) = ‖Ptu0 − Pkeru0‖2L2(dµ).
The entropy method. A common method to obtain decay rates of this type is the so-
called entropy method. Given the “relative distance” V (a Lyapunov functional) we find its
production functional E by formally differentiating along the flow of the semigroup:
d
dt
V(Ptu0) = 2 (∂tPtu0, Ptu0 − Pkeru0)L2(dµ) = 2
∫
M
Ptu0(x)∆xPtu0(x) dµ(x) = −2E(Ptu0),
(2.2)
where E turns out to be the associated Dirichlet form. Note that since Pker = E ({0}) we
can rewrite (2.2) as ddt Var(Ptu0) = −2E(Ptu0). Now we seek a pure functional inequality
involving V and E . In particular (see, for example, [12, Chapter 3, §3.2]), one looks for a
functional inequality of the form
E(u) ≥ Θ(V(u)), ∀u ∈ D(E), (2.3)
with an appropriate nonnegative function Θ. Succeeding in finding such an inequality entails,
in view of (2.2),
d
dt
V(Ptu0) ≤ −2Θ(V(Ptu0))
from which an explicit rate is derived.
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Returning to the heat semigroup, we notice that the classical Poincare´ inequality (2.1) is
exactly a functional inequality of the form of (2.3). Moreover, the linear connection between
the variance and the Dirichlet form yields an exponential rate of decay for Var(Ptu0).
2.2. Relationship to Markov semigroups. In view of Subsection 2.1, there is a natural
extension of the notion of a Poincare´ inequality to general Markov semigroups. Let {Pt}t≥0
be a Markov semigroup on H = L2(M, dµ) with a generator −H , where H is a self-adjoint,
non-negative operator, and dµ its invariant measure. Then the Poincare´ inequality, as
already defined (Definition 1.1), is
Var(u) ≤ CE(u), ∀u ∈ D(E).
The following well known theorem (see [3, Theorem 4.2.5]) serves as a motivation for our
current investigation:
Theorem 2.1. The following conditions are equivalent:
(1) H satisfies a Poincare´ inequality with constant C.
(2) The spectrum of H is contained in {0} ∪ [ 1C ,∞).
(3) For every u ∈ L2 (M, dµ) and every t ≥ 0,
Var(Ptu) ≤ e−2t/C Var(u).
2.3. The weak Poincare´ inequality (WPI). It is natural to ask whether one can obtain
a generalization of Theorem 2.1 to generators which lack a spectral gap. We note that a
differential operator acting on functions defined in an unbounded domain (generically) lacks
a spectral gap. Our Theorems 1.6 and 1.9 provide an answer to this question, where the
Poincare´ inequality is replaced by some form of a weak Poincare´ inequality. In the following
we provide a brief review of the existing literature on variants of the weak Poincare´ inequality.
This topic has a very rich history, in particular in the second half of the 20th century. As
was hinted in Corollary 1.11, a closely related example is Nash’s celebrated inequality [10]:
‖u‖2L2 ≤ C
(‖∇u‖2L2) dd+2 (‖u‖2L1) 2d+2 , ∀u ∈ L1(Rd) ∩H1(Rd) (2.4)
where C > 0 does not depend on u. Estimates of the same spirit are then developed in [7]
for example.
The form of the weak Poincare´ inequality which we consider (Definition 1.3) first appeared
in [9, Equation (2.3)], where it is also shown how such a differential inequality leads to an
algebraic decay rate. These ideas were then further developed in [2, 5, 11, 13–16]. We also
refer to [1] where the notion of a “weak spectral gap” is introduced.
In fact, in [11] several variants of the WPI were introduced. The most general one is
Var(u) ≤ α(r)E(u) + rΦ(u), ∀u ∈ D(E), r > 0,
where α : (0,∞) → (0,∞) is decreasing and Φ : L2(dµ) → [0,∞] satisfies Φ(cu) = c2Φ(u)
for any c ∈ R and u ∈ L2(dµ). This is equivalent to our (Φ, p)-WPI whenever α(r) = Cr1−p.
For a recent account of the notions discussed here, and in particular the relationship
between functional inequalities and Markov semigroups, we refer to the book [3].
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3. Proofs of the theorems
We first prove the more general Theorem 1.9, and then show how Theorem 1.6 is a
straightforward corollary. Finally we show how to obtain the decay rates in Theorem 1.7.
For brevity, we omit the subscripts from the functions ψX ,Y and ΨX ,Y .
3.1. Proof of Theorem 1.9a. First we show that an estimate on the density of states near
0 leads to the WPI (1.6). Let r0 ∈ (0, r) to be chosen later. Let {E(λ)}λ≥0 be the resolution
of the identity of H . Let u ∈ D(E) ∩ X ∩ Y. Then:
E(u) =
∫
M
uHu dµ =
∫
M
u
∫
[0,∞)
λdE(λ)u dµ
≥
∫
M
u
∫
[r0,∞)
λdE(λ)u dµ ≥ r0
∫
M
u
∫
[r0,∞)
dE(λ)u dµ
= r0
∫
M
u
∫
[0,∞)
dE(λ)u dµ− r0‖E({0})u‖2H − r0
∫
M
u
∫
(0,r0)
dE(λ)u dµ
= r0Var(u)− r0
∫
M
u
∫
(0,r0)
dE(λ)u dµ.
We now use the estimate on the density of states (1.5) to obtain∫
M
u
∫
(0,r0)
dE(λ)u dµ =
∫
(0,r0)
d
dλ
(E(λ)u, u)H dλ
≤ ‖u‖X‖u‖Y
∫
(0,r0)
ψ(λ) dλ = ‖u‖X‖u‖YΨ(r0).
Hence we have
E(u) ≥ r0 (Var(u)− ‖u‖X‖u‖YΨ(r0)) .
Let K ∈ (0, 1) and define
r0 = Ψ
−1
(
K
Var(u)
‖u‖X‖u‖Y
)
so that Ψ(r0) = K
Var(u)
‖u‖X‖u‖Y
(to satisfy the condition r0 < r we may need K to be small). Then we get
E(u) ≥ r0(1−K)Var(u)
which completes the proof.
3.2. Proof of Theorem 1.9 b & c (and Theorem 1.6). The proofs follow from the
following lemma where we show how (1.6) leads to a (Φ, p)-WPI.
Lemma 3.1. When X = Y and ψ(λ) = C1λα, α > −1, the inequality (1.6) reduces to
the (Φ, p)-WPI with Φ(u) = ‖u‖2X and p = α+2α+1 . Furthermore, if X = Y ⊂ H we recover
Theorem 1.6.
Proof. Let ψ(λ) = C1λ
α, α > −1. Then
Ψ(ρ) = C1
∫ ρ
0
λα dλ =
C1
α+ 1
ρα+1
so that
Ψ−1(τ) =
(
α+ 1
C1
) 1
α+1
τ
1
α+1 .
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Hence
Ψ−1
(
K
Var(u)
‖u‖2X
)
=
(
α+ 1
C1
) 1
α+1
(
K
Var(u)
‖u‖2X
) 1
α+1
.
Plugging this into (1.6) we have
E(u) ≥ (1−K)Ψ−1
(
K
Var(u)
‖u‖2X
)
Var(u)
= (1−K)
(
α+ 1
C1
) 1
α+1
(
K
Var(u)
‖u‖2X
) 1
α+1
Var(u)
= C′Var(u)
α+2
α+1
(‖u‖2X )− 1α+1 .
This leads to
Var(u) ≤ C′′E(u)α+1α+2 (‖u‖2X) 1α+2
which is a (Φ, p)-WPI with Φ(u) = ‖u‖2X and p = α+2α+1 . 
3.3. Proof of Theorem 1.7. We show that the growth rate assumption (1.3) leads to a
decay of the variance as in (1.4). Using (2.2), the (Φ, p)-WPI and (1.3), we have:
d
dt
Var(Ptu) = −2E(Ptu) ≤ −2C′Var(Ptu)
α+2
α+1
(‖Ptu‖2X )− 1α+1
≤ −2C′Var(Ptu)
α+2
α+1
(‖u‖2X + C2tβ)− 1α+1
where C′ is as in the proof of Lemma 3.1. This is an ordinary differential inequality for
Var(Ptu) of the form
y˙ ≤ −Ay1+a(B + Ctb)−c,
for a, c, A,B > 0, b ∈ R, and C ≥ 0. We readily obtain
y(t) ≤
(
y(0)−a + aA
∫ t
0
(
B + Csb
)−c
ds
)−1/a
which yields the bound (1.4). Asymptotically, we have
y(t) = O(t−1/a) as t→∞, if C = 0 or b ≤ 0.
Otherwise, it is easy to see that bc = 1 leads to logarithmic decay, while bc < 1 leads to
polynomial decay. The precise rates are
y(t) =
O((log t)−1/a) as t→∞, bc = 1.O(t−(1−bc)/a) as t→∞, bc < 1.
This completes the proof of Theorem 1.7.
Remark 3.2 (The constant C3). It is beneficial to provide a detailed computation of the
constant C3 appearing in (1.4). The following computations are performed up to a constant
C which does not depend on α,M,H,X or any other fundamental quantity.
Considering the proof of Theorem 1.7, we see that C3 is denoted aA where a =
1
α+1 and
A = 2C′ with C′ = (1 −K)K 11+α︸ ︷︷ ︸
C
(
α+1
C1
) 1
α+1
where C1 and α appear in the bound (1.2).
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We readily obtain
C3 = 2C
1
α+ 1
(
α+ 1
C1
) 1
α+1
= 2C (α+ 1)
−α
α+1 C
−1
α+1
1 . (3.1)
4. Examples
In this section we show how the theorems presented above lead to explicit decay rates of
the variance under the flow of the Laplace and the fractional-Laplace operators.
4.1. The heat semigroup. Consider the Laplace operatorH = −∆ acting inH = L2(Rd, dx).
−H is the generator of the heat semigroup, whose evolution equation is given by ∂tu(t, x) = ∆u(t, x), t ∈ R+, x ∈ R
d,
u(0, x) = u0(x), x ∈ Rd.
In this case E ({0}) = 0, and as such Var(u(t, ·)) = ‖u(t, ·)‖2H. It is well established that
‖u(t, ·)‖H has a decay rate of t−d/4. Our goal here is to use this fundamental model in order
to illustrate how the various choices of spaces in Theorems 1.6 & 1.9 affect the resulting
decay rates in Theorem 1.7. In fact, we show that an application of Theorem 1.6 gives
rise to a sub-optimal decay rate, while a better choice of space in Theorem 1.9 leads to the
optimal decay rate. We keep in mind that the main ingredients are:
• a carefully chosen functional space X ,
• an estimate of the density of states, as in (1.2) or (1.5),
• a bound of the semigroup, as in (1.3).
Example 4.1 (Applying Theorems 1.6 & 1.7). Since H is unitarily equivalent to
multiplication by |ξ|2 via a Fourier transform, we can express its resolution of the identity
{E(λ)}λ∈[0,∞) via the following bilinear form:
(E(λ)u, v)H =
∫
|ξ|2≤λ
û(ξ)v̂(ξ) dξ. (4.1)
Differentiating in λ we get
d
dλ
∣∣∣
λ=λ0
(E(λ)u, v)H =
1
2
√
λ0
∫
|ξ|=√λ0
û(ξ)v̂(ξ) dσ√λ0 (4.2)
where dσ√λ0 is the Lebesgue (uniform) surface measure on the d− 1-dimensional sphere of
radius
√
λ0. An evaluation of the L
2 functions û and v̂ on a hypersurface only makes sense
if they belong to any Sobolev space Hs(Rd) ⊂ L2(Rd) with s > 1/2 by the trace lemma.
The functions û and v̂ belong to Hs(Rd) if and only if u and v belong to L2,s(Rd), defined
as
L2,s(Rd) :=
{
u ∈ L2(Rd) : ‖u‖2L2,s(Rd) :=
∫
Rd
|u(x)|2(1 + |x|2)s dx <∞
}
.
We therefore conclude that we can bound (4.2) using the L2,s-norms of u and v, which are
stronger than their H-norms. The immediate bound,∣∣∣∣ ddλ ∣∣∣λ=λ0 (E(λ)u, v)H
∣∣∣∣ ≤ C√λ0 ‖u‖L2,s‖v‖L2,s , (4.3)
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(where C does not depend on λ0) coupled with Theorem 1.6 (where X = L2,s) yield the
inequality
Var(u) ≤ CE(u)1/3 (‖u‖2L2,s)2/3 = C‖∇u‖2/3H ‖u‖4/3L2,s
where the constant C has changed, but does not depend on u. This establishes our (Φ, p)-
WPI. Next, to obtain decay of the variance we require an estimate of the type (1.3). For
s ∈ (0, 1], Lemma 5.1 below shows the following estimate of the L2,s norm:
‖u(t, ·)‖2L2,s ≤ ‖u0‖2L2,s + 2s(2s+ d− 2)‖u0‖2Ht. (4.4)
In the notation of Theorem 1.7, this means β = 1 and α = −1/2, so that 1 = β > 1+α = 1/2.
This is outside the scope of the cases appearing in Theorem 1.7.
We rectify this by improving our α, as follows. In the appendix of [4], the improved
estimate∫
|ξ|=ρ
û(ξ)v̂(ξ) dσρ ≤ Cmin(ρs− 12 , 1)2‖û‖Hs‖v̂‖Hs ,
where C only depends on s and d, was shown to be true when s ∈ (1/2, 1]. We therefore
obtain (with ρ =
√
λ0)∣∣∣∣ ddλ ∣∣∣λ=λ0 (E(λ)u, v)H
∣∣∣∣ ≤ min(λ s2− 140 , 1)2 C2√λ0 ‖û‖Hs‖v̂‖Hs
= min(λ
s− 1
2
0 , 1)
C
2
√
λ0
‖u‖L2,s‖v‖L2,s .
Hence (4.3) is improved to:∣∣∣∣ ddλ ∣∣∣λ=λ0 (E(λ)u, v)H
∣∣∣∣ ≤ Cλs−10 ‖u‖L2,s‖v‖L2,s , ∀λ0 ∈ (0, 1], s ∈ (1/2, 1].
Together with the bound (4.4) of ‖u(t, ·)‖L2,s , and taking s = 1, we conclude from Theorem
1.7 (with β = 1, α = 0) that
Var(u(t, ·)) ≤
(
Var(u0)
−1 + C log
(
1 +
2d‖u0‖2H
‖u0‖2L2,1
t
))−1
.
This is a decay rate of O((log t)−1) which is very far from optimal (and in particular the
dependence on the dimension d is very weak). We obtain the optimal rate in the next
example, using L1 norms.
Example 4.2 (Applying Theorems 1.9 & 1.7). We consider again H = −∆ acting in
H = L2(Rd). Now we let
Y = X = L1(Rd).
Recalling (4.2), we find that
d
dλ
∣∣∣
λ=λ0
(E(λ)u, v)H =
1
2
√
λ0
√
λ0
d−1
∫
Sd−1
û(
√
λ0σ)v̂(
√
λ0σ) dσ
where dσ is the uniform measure on the unit sphere. Using the fact that the Fourier
transform of an L1 function is bounded and continuous, we get∣∣∣∣ ddλ ∣∣∣λ=λ0 (E(λ)u, v)H
∣∣∣∣ ≤ 12 ∣∣Sd−1∣∣λ d2−10 ‖û‖L∞‖v̂‖L∞
≤ 1
2
∣∣Sd−1∣∣λ d2−10 ‖u‖L1‖v‖L1 .
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Hence Theorem 1.9b is applicable, with
ψ(λ) =
1
2
∣∣Sd−1∣∣λ d2−1. (4.5)
Now we restrict to X ∩H. Since ψ(λ) is of the form Cλα, we can apply Theorems 1.9c and
1.7 with α = d2 − 1 and Φ(u) = ‖u‖2L1(Rd). Using the fact that the L1 norm of solutions to
the heat equation decays monotonically (see Lemma 5.2 below), we have C2 = 0, where C2
is the constant appearing in (1.3). Using the expression (3.1) for C3, with C1 =
1
2
∣∣Sd−1∣∣
the constant coming from the estimate (1.2), the bound (1.4) becomes
Var(u(t, ·)) ≤
(
Var(u0)
−1
1+α + 2C (α+ 1)
−α
α+1 C
−1
α+1
1
∫ t
0
‖u0‖
−2
1+α
L1 ds
)−(1+α)
=
(
Var(u0)
− 2
d + 2C
(
d
2
) 2
d
−1 ∣∣Sd−1∣∣− 2d ‖u0‖− 4dL1 t
)− d
2
≤ C˜
(
d
2
) d
2
−1
|Sd−1|‖u0‖2L1t−
d
2
and we conclude that for every u0 ∈ X ∩H = L1(Rd) ∩ L2(Rd)
‖u(t, ·)‖2H = Var(u(t, ·)) = O(t−
d
2 ), as t→ +∞,
which is the optimal rate. This can be extended to any u0 ∈ X = L1(Rd) by density.
Remark 4.3 (The Nash Inequality). We point out that the functional inequality we
obtain here, using Theorem 1.9b with X = L1(Rd), is exactly Nash’s inequality (2.4). Indeed,
with α = d2 − 1 we have that p = α+2α+1 = d+2d so that the (Φ, p)-WPI in this case is
‖u‖2L2 ≤ CE(u)1/pΦ(u)1−1/p = CE(u)
d
d+2Φ(u)
2
d+2 = C
(‖∇u‖2L2) dd+2 (‖u‖2L1) 2d+2 .
This demonstrates how our methodology gives a general framework for many known impor-
tant inequalities. We shall see this again in the next example as well, see Remark 4.5.
4.2. The fractional Laplacian. For our final example, we turn to the fractional Laplacian
– a nonlocal operator which has received significant interest in recent years.
Example 4.4. Consider now the operator H = (−∆)p, p ∈ (0, 1), acting in H = L2(Rd).
In analogy to (4.1), the resolution of the identity of H satisfies
(E(λ)u, v)H =
∫
|ξ|2p≤λ
û(ξ)v̂(ξ) dξ.
Following the arguments that lead to (4.5), and letting Y = X = L1(Rd) as before, we now
obtain
ψ(λ) =
1
2p
∣∣Sd−1∣∣λ d2p−1.
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Now, from [6] we know that ‖u(t, ·)‖L1 ≤ ‖u0‖L1 and as such, much like the previous
example, we conclude that
Var(u(t, ·)) ≤
(
Var(u0)
− 2p
d + C
2p
d
(
d
2p|Sd−1|
) 2p
d
‖u0‖−
4p
d
L1 t
)− d
2p
≤ C
(
d
2p
) d
2p
−1
|Sd−1|‖u0‖2L1t−
d
2p
and hence the asymptotic decay rate is
Var(u(t, ·)) = O(t− d2p ), as t→∞.
Remark 4.5. The functional inequality we obtain in this example is the Nash-type in-
equality for the fractional Laplacian:
‖u‖2L2 ≤ C
(
‖ (−∆) p2 u‖2L2
) d
d+2p (‖u‖2L1) 2pd+2p .
5. Additional results and lemmas
In this last section we prove two auxiliary lemmas that were used above.
Lemma 5.1 (L2,s norm of solutions to the heat equation). Let u(t, x) be a solution
to the heat equation in Rd with initial condition u(0, x) = u0(x). Let s ∈ (0, 1]. Then
‖u(t, ·)‖2L2,s ≤ ‖u0‖2L2,s + 2s(2s− 2 + d)‖u0‖2L2t.
Proof. This lemma can be proved either directly or using Fourier methods. Here we provide
the direct proof. Differentiating the expression ‖u(t, ·)‖2L2,s =
∫
Rd
u(t, x)2(1 + |x|2)s dx in
time (using the fact that solutions to the heat equation are smooth) we have
d
dt
‖u(t, ·)‖2L2,s = 2
∫
Rd
u(t, x)∆u(t, x)(1 + |x|2)s dx.
Integration by parts yields
d
dt
‖u(t, ·)‖2L2,s = −2
∫
Rd
∇u(t, x) · (∇u(t, x)(1 + |x|2)s + 2s(1 + |x|2)s−1xu(t, x)) dx
≤ −4s
∫
Rd
∇u(t, x) · (1 + |x|2)s−1xu(t, x) dx︸ ︷︷ ︸
I(t)
.
Integrating I(t) by parts again gives us
I(t) =
∫
Rd
d∑
j=1
xj∇ju(t, x)(1 + |x|2)s−1u(t, x) dx
= −d
∫
Rd
u(t, x)2(1 + |x|2)s−1dx− I(t)− 2(s− 1)
∫
Rd
u(t, x)2|x|2(1 + |x|2)s−2 dx
so that
I(t) = −
(
s− 1 + d
2
)
‖u(t, ·)‖2L2,s−1(Rd) + (s− 1) ‖u(t, ·)‖2L2,s−2(Rd).
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Returning to ddt‖u(t, ·)‖2L2,s , using the fact that s > 0 but s− 1 ≤ 0, we conclude that
d
dt
‖u(t, ·)‖2L2,s ≤ 4s
(
s− 1 + d
2
)
‖u(t, ·)‖2L2,s−1 − 4s (s− 1) ‖u(t, ·)‖2L2,s−2
≤ 2s (2s− 2 + d) ‖u(t, ·)‖2L2
which completes the proof. 
Lemma 5.2 (L1 norm of solutions to the heat equation). Let u(t, x) be a solution
to the heat equation in Rd with initial condition u(0, x) = u0(x). Then
‖u(t, ·)‖L1 ≤ ‖u0‖L1.
Proof. This follows from the invariance of the measure and the order preserving property of
the heat process, in light of the Crandall-Tartar Lemma [8]. 
References
[1] S. Aida. Uniform Positivity Improving Property, Sobolev Inequalities, and Spectral Gaps. J. Funct.
Anal., 158:152–185, 1998.
[2] S. Aida. Weak Poincare´ inequalities on domains defined by Brownian rough paths. Ann. Probab.,
32(4):3116–3137, 2004.
[3] D. Bakry, I. Gentil, and M. Ledoux. Analysis and Geometry of Markov Diffusion Operators, volume 348
of Grundlehren der mathematischen Wissenschaften. Springer International Publishing, Cham, 2014.
[4] M. Ben-Artzi and S. Klainerman. Decay and regularity for the Schro¨dinger equation. J. d’Analyse
Mathe´matique, 58(1):25–37, dec 1992.
[5] L. Bertini and B. Zegarlinski. Coercive Inequalities for Gibbs Measures. J. Funct. Anal., 162:257–286,
1999.
[6] M. Bonforte, Y. Sire, and J. L. Va´zquez. Optimal existence and uniqueness theory for the fractional
heat equation. Nonlinear Anal. Theory, Methods Appl., 153:142–168, 2017.
[7] E. A. Carlen, S. Kusuoka, and D. W. Stroock. Upper Bounds for symmetric Markov transition functions.
Ann. Inst. Henri Poincar’e Probab. Stat., 23(S2):245–287, 1987.
[8] M. G. Crandall and L. Tartar. Some relations between nonexpansive and order preserving mappings.
Proc. Am. Math. Soc., 78(3):385–390, mar 1980.
[9] T. M. Liggett. $L 2$ Rates of Convergence for Attractive Reversible Nearest Particle Systems: The
Critical Case. Ann. Probab., 19(3):935–959, jul 1991.
[10] J. F. F. Nash. Continuity of Solutions of Parabolic and Elliptic Equations. Am. J. Math., 80(4):931,
oct 1958.
[11] M. Ro¨ckner and F.-Y. Wang. Weak Poincare Inequalities and L2-Convergence Rates of Markov Semi-
groups. J. Funct. Anal., 185:564–603, 2001.
[12] C. Villani. A review of mathematical topics in collisional kinetic theory. In S. Friedlander and D. Serre,
editors, Handb. Math. fluid Dyn., volume 1. Elsevier, 2002.
[13] F.-Y. Wang. Functional Inequalities and Spectrum Estimates : The Infinite Measure Case. J. Funct.
Anal., 194:288–310, 2002.
[14] F.-Y. Wang. Functional inequalities on abstract Hilbert spaces and applications. Math. Zeitschrift,
246(1-2):359–371, 2004.
[15] F.-Y. Wang. Weak Poincare´ inequalities on path spaces. Int. Math. Res. Not., 2004(2):89–108, 2004.
[16] F.-y. Wang. Super and weak Poincare´ inequalities for hypoelliptic operators. Acta Math. Appl. Sin.
English Ser., 25(4):617–630, 2009.
14 JONATHAN BEN-ARTZI AND AMIT EINAV
School of Mathematics, Cardiff University, Cardiff CF24 4AG, Wales, United Kingdom.
E-mail address: Ben-ArtziJ@cardiff.ac.uk
Institut fu¨r Analysis und Scientific Computing, Technische Universita¨t Wien, Austria.
E-mail address: amit.einav@asc.tuwien.ac.at
